A wake-perturbed flat plate boundary layer with a streamwise pressure distribution similar to those encountered on the suction side of typical low-pressure turbine blades is investigated by direct numerical simulation. The laminar boundary layer separates due to a strong adverse pressure gradient induced by suction along the upper simulation boundary, transitions, and reattaches while still subject to the adverse pressure gradient. Various simulations are performed with different wake passing frequencies, corresponding to the Strouhal number 0.0043< fh b =DU <0.0496 and wake profiles. The wake profile is changed by varying its maximum velocity defect and its symmetry. Results indicate that the separation and reattachment points, as well as the subsequent boundary layer development, are mainly affected by the frequency, but that the wake shape and intensity have little effect, and that the forcing is effective as long as the wake-passing period is shorter than the bubble-regeneration time. Moreover, the effect of the different frequencies can be predicted from a single experiment in which the separation bubble is allowed to reform after having been reduced by wake perturbations. The stability characteristics of the mean flows resulting from the forcing at different frequencies are evaluated in terms of local linear stability analysis based on the Orr-Sommerfeld equation.
Introduction
Separated boundary layers subjected to strong adverse pressure gradients (APG) and forced by incoming wakes are of great practical interest. Understanding the influence of the wakes on the onset of separation and reattachment and investigating the dependence of the separated region on the presence of large scale forcing have considerable practical significance since they are related to the efficiency of many aerodynamic devices, like turbine blades. There have been several simulations [1, 2] and experimental studies [3] on the subject, but more fundamental research is necessary to understand how the wakes influence the APG flows, and in particular the influence of wakes on separated flow.
Many recent studies focus on identification of the dominant transition mechanism in the unstable separated shear layer. In a two-dimensional numerical study by [4] , the unsteadiness of the laminar separation bubble was found to form from a shedding of vortices from the bubble. This was attributed to the inviscid instability of the separated shear layer. A detailed experimental study of a two-dimensional separation bubble was carried out by [5] . The stability characteristics were investigated by introducing wave packets into the boundary layer. It was concluded that the primary instability is an inviscid inflectional Kelvin-Helmholtz instability. A comprehensive review of the stability characteristics of a separation bubble is presented in [6] . Based on their linear stability calculations for analytical velocity profiles representing the profiles around the bubble, they showed that the instability of the separated shear layer is similar to the instability of the freeshear layer. Direct numerical simulation (DNS) of a short bubble is studied in [7] , where it is concluded that the separated shear layer undergoes transition via oblique modes and K-vortexinduced breakdown.
The general difficulty in the study of this flow is the existence of a wide range of parameters that might play a role, such as the upstream turbulence, the pressure gradient and its functional form, and the parameters related to the wakes. For example, little is known about what the important wake parameters are: whether their mean profiles, their small-scale velocities, or both? The periodic unsteady nature of incoming wakes substantially influences the boundary layer development, including the onset and extent of the laminar separation and its turbulent attachment. There are several numerical studies [2] that investigate the effect of small-scale fluctuation inside the wake on the separation and reattachment locations. It was observed that the transition to turbulence; hence the reattachment location, depend on the presence of small-scale fluctuations inside the wake, whereas it does not affect the initial inviscid instability mechanism, which is triggered due to the mean wake deficit. It is important to understand the mechanism by which the upstream wakes in low-pressure turbines delay separation. The main unanswered question is not so much how long it takes for the boundary layer to re-adhere when the wakes come, but how long it takes to re-separate again after the wake has passed. The purpose of this study is to contribute to the understanding of the physics of the flow in a turbine passage, and to provide reference data for the development of advanced design methods and turbulence models. This paper is organized as follows: after describing the numerical setup we discuss in detail the effect of wake passing frequency on the separated flow. Results of various performed simulations in which the wake passing frequency is varied are presented in two subsections: first the development of some flow parameters in each phase of the forcing are discussed, and later the important statistical quantities are presented. In the following part the influence of the wake profile on the flow is discussed. Finally, we describe a single numerical experiment that can be used to predict the effect of the different wake passing frequencies, consisting of switching off the wake forcing, and allowing the separation bubble to regenerate to the unforced situation. Furthermore, a linear stability analysis (LSA) is performed and its results are related to the DNS results. The paper ends with conclusions.
Numerical Experiments
The model that we are using in this study is a flat plate with a streamwise pressure distribution similar to those encountered on the suction side of turbine blades. The unforced base flow was chosen to match the experiment in [8] , in which a flat plate was set in a convergent-divergent wind tunnel designed to reproduce the same pressure gradient as on the suction side of a T106C ultra-high-lift LP turbine blade. Our simulations match the APG part of that experiment, including the Reynolds number and the inflow conditions, which were found to be very close to a laminar Hiemenz profile. Curvature effects are not important in this part of the blade, which is typically flat [3] . For example, [8] also includes experiments on a real T106C cascade, and they mention that the length of the separation bubble agrees in both cases, although the separation itself is slightly delayed on the plate.
The Reynolds number at the inlet of the simulation, based on the inflow momentum thickness h 0 ¼ 0.268 mm, and on the freestream velocity U ref ¼ 6.3 m=s, is Re h0 % 110, which is low enough to be in the realm of expensive DNS.
The code uses a fractional step method on a staggered grid, with third-order Runge-Kutta time integration, fourth-order compact spatial discretization for the convective and viscous terms, and second-order discretization for the pressure in the directions perpendicular to the span, which is spectral. The result is secondorder accurate for the velocities, but with an almost spectral resolution of the derivatives. The unforced simulation is described in [9, 10] , including resolution studies, a full discussion of the numerical scheme, and comparison with the available experimental data.
The
points, which was shown in [10] to result in grid cells of the order of the Kolmogorov length scale. It is important to note that scaling the grid in wall units is not very useful in separated flows, for which u s % 0 at reattachment and separation. However, downstream of reattachment for the current simulations Dy þ % 0.4 at the wall and Dy þ % 2 further into the boundary layer, while Dx þ % Dz þ % 2. A variable time step was used, determined by a constant CFL ¼ 0.6 condition.
An almost constant suction velocity was imposed at the upper boundary to match the linear APG that makes the flow separate at the same streamwise position as in the experiment [8] . No-slip boundary conditions are applied on the wall and the spanwise direction is treated as periodic. At the outflow plane a convective boundary condition is used, with minor adjustment to the exit velocity to ensure global mass conservation.
For the forced cases, artificial wakes designed to mimic the mean wake deficit created by a linear row of cylinders [11] moving in the vertical direction are superimposed on the laminar Hiemenz profile. The fluctuations within the wakes are neglected. Steady three-dimensional perturbations are also explicitly added at the inflow for transition to occur since otherwise spectral codes along the span, like the one used here, would remain strictly two dimensional [9] . The Strouhal number based on the wake passing frequency, the momentum thickness of the unperturbed shear layer that forms between the separation bubble and the freestream, and the velocity difference at the maximum reverse flow St hb varies between 0 and 0.0496. The nondimensional frequency can also be based on the length of the plate and the reference velocity at the inlet, St, which is used in the experimental study [8] . For the forcing frequencies considered here, St varies between 0 and 2.9. The two low-St cases, 0.25 and 0.78 (St hb ¼ 0:0043 and 0.0133), that are investigated in this study, to be presented in the next section, are approximately of the order of the operating conditions of a low-pressure turbine.
Strouhal Number Effect
The size of the separated region is a complex function of Reynolds number and inflow perturbations. In order to reduce the number of parameters involved in the problem, the inflow Reynolds number is fixed for all cases but the passing frequency and the shape of the forcing are varied. All the experiments presented in this section are done by varying the frequency of the forcing while keeping the shape of the inflow wakes constant. The incoming wakes are modeled to account for the wakes generated by a linear row of cylinders with a diameter d ¼ 31h 0 moving at a spatial distance x w ¼ À1738h 0 to the inflow with a velocity U w ¼ 0.83U ref .
The maximum wake deficit is 0.13U ref and the mean wake halfwidth is 130h 0 . The parameters of the numerical experiments as a result of varying the forcing frequency are given in Table 1 .
The unsteadiness in the perturbed flow can be split into mean, stochastic, and periodic components, the latter associated with the forcing. Thus the instantaneous velocity U i can be written as When no wakes are present, the incoming flow is laminar, separates due to the adverse pressure gradient, transitions within the separated region, reattaches as a consequence of transition, and develops into an attached turbulent adverse-pressure-gradient boundary layer (see Fig. 1(a) ). The periodically impinging wakes alter the boundary layer development, and the location of separation, transition, and reattachment (see Fig. 1(b) ).
The conditions at the separation points lie within the range of values observed in previous studies. The Reynolds number based on the momentum thickness at the separation points Re hs is about 167 and it is insensitive to the forcing frequency of the incoming wakes. This value is consistent with the ones obtained by [12] , where Re hs ranged from 136 to 432. At the separation point the pressure gradient parameter [13] , presented in Table 1 , lies in the range À0.171 < K s < À0.083. The unperturbed case compares quite well with the value of K s ¼ À0.082 suggested in [13] . Moreover, for all cases, the value of the pressure gradient parameter at the separation point is consistent with prior studies, Ref. [14] found À0.171 < K s < À0.068 for the onset of separation. The Strouhal number based on momentum thickness at the maximum reverse flow St hb (see Table 1 ) shows that the frequencies for cases W 2 À W 4 are close to the frequencies of the most unstable Kelvin-Helmholtz frequencies [15, 16] . Figure 2 (a) depicts the variation of the bubble length as a function of the Strouhal number. The bubble length drops significantly for frequencies around the Kelvin-Helmholtz frequency. As the frequency increases further, the size of the separated region still decreases but only slightly. For the low frequency case (W 1), there is enough time for the separated region to regenerate itself before the next wake arrives; hence the average size of the bubble did not change dramatically. However, even with this low frequency forcing the separation and reattachment locations are affected. The dramatic effect of the forcing frequency can be clearly seen between cases W 1 and W 2 À W 5. The forcing frequency tripled from case W 1 to W 2 and the bubble size reduced almost 50%. It is interesting to note that for cases with St hb numbers higher than 0.0133 the bubble size varies significantly in time, but due to the high wake passing frequency the longest instantaneous separated region is shorter than the one in the unperturbed case. Therefore the time-averaged length for these cases is shorter than the one in the unperturbed case or the ones in low Strouhal number cases.
The space-time evolution of the separated region is shown in Figs. 2(b) and 2(c). All numerical experiments have a separated region whose size changes periodically due to the influence of incoming wakes. As the wake impacts the separated region, the separation bubble becomes unstable causing an increase in the level of mixing, which significantly reduces the separated region in size. Due to the enhanced mixing across the separated shear layer, the shear stress increases, effectively shortening but never completely eliminating the separation. After the wake passes the separated region again increases in size before it is impacted by the next wake. All experiments show vortices originating at the top of the separated region. The space-time development of the negative U velocity, depicted in Fig. 2(b) , shows the paths followed by the strongest vortices since the flow below them is locally separated. The wake impact modifies the separation bubble and induces roll-up vortices. The signature of the roll-up vortex does not appear immediately downstream of the separation onset location, which suggests that the vortex can only form when the separated shear layer is at a certain distance from the surface. These roll-up vortices convect downstream at about half of the local free-stream velocity. For the wake-passing periods considered here, the data show that there are always three roll-up vortices following each other, which has been observed in experimental studies as well [17] . The reason for these vortices needs to be examined in detail since their formation and decay eventually turn into profile loss. Figure 3 illustrates the development of the wall-normal velocity close to the wall as a function of space and time. The negative wall-normal velocity, depicted as black regions in Fig. 3(a) , shows the path of the roll-up vortices in the separated shear layer, whereas the positive contours of its second derivative with respect to time, shown in Fig. 3(b) , identify the high frequency disturbances upstream of the separation. Highorder time derivatives work like high-pass filters and emphasize weak perturbations upstream of the separation point that would not be visible otherwise. The streaks in this figure represent disturbance paths that are generated as a result of the wake passing, and which are left behind because they propagate at about half of the local convection velocity of the wakes. They correspond to a weakly damped eigenvalue of the attached boundary layer profile, which becomes unstable, and transforms into the KelvinHelmholtz mode, as the profile separates. The wave trains are then strongly amplified and roll up into vortices. The number of vortices is determined by the distance that the wake travels from the moment it enters the plate until it interacts with the separated shear layer. A criterion based on the level of reverse flow in a separated shear layer is often used to assess whether an absolute instability is present in a separated region. A threshold of approximately 20% of the local free stream is identified by [7] above which absolute instability exists. In all the forced cases studied here the reverse-flow levels (see Fig. 2(a) ) are much lower than this threshold, indicating that, if instability exists, it is convective rather than absolute. This will be investigated in detail later in the linear stability section.
Phase-Averaged Flow Properties
The sequence of phase-averaged spanwise vorticity contours along with spanwise velocity fluctuations for case W 4 shown in Fig. 4 provides a clear view of what happens around the separated region. For the wake passing period considered in this case, there are two wakes in the numerical domain. They are separated by a distance of x=h 0 ¼ 920. Between these two wakes there is not enough time for the bubble to regenerate itself. As the wake convects to the separated region, it interacts with the inflectional boundary layer, and triggers the Kelvin-Helmholtz instability that later leads to the development of roll-up vortices in the shear layer and to a breakdown of the laminar shear layer. The spanwise velocity fluctuation marks regions where there is significant three dimensionality. As it can be deduced from Fig. 4 , threedimensional perturbations are amplified in the region of developing vortices. This development of three dimensionality is the first stage in the transition process that eventually leads to the turbulence. When the wake moves farther into the turbulent region, the rolls of recirculating flow convect downstream where they are destroyed in the turbulent region. The phase-averaged skin friction coefficient (Fig. 5) shows the footprint of the vortices on the wall. The existence of distinct peaks and troughs within the separated region is recognized, and these coincide with large-scale positive and negative perturbations of the streamwise velocity in the near-wall associated with the vortices. The amplitudes of the skin friction fluctuations slowly decline as they are convected downstream.
As noted earlier, the point of separation moved downstream in the case of forcing due to the mean flow deformation. In order to clarify this we have looked at the phase-averaged momentum budget for case W 4. The streamwise momentum budget is given in Fig. 6 over a specific part (t ¼ 0:1 T À 0:65 T) of one forcing period at x=h 0 ¼ 295, which is the point of separation of the timeaveraged flow for case W 4. The flow is not in equilibrium in all cases. Figure 6 shows that all the terms in the streamwise momentum equation, except the Reynolds stress with respect to the phase average, are important at this location. The Reynolds stress term starts to develop in the shear layer between the separation bubble and the free stream. In all cases the viscous term is important both in the near-wall region, where it is in equilibrium with the pressure gradient, and in the separated shear layer. It can be seen that the advective term plays an important role in the streamwise momentum equation. The clearest effect of the wake is seen at t ¼ 0:2 T. At this time the effect of the approaching wake front is clear at this location. The advective term in the outer region is positive. This indicates that the wake front accelerates the outer region and momentum is transported towards the wall, while the tail of the wake decelerates the outer layer. As the wake moves further into the domain, the outer layer gets accelerated, but the inner region responds more slowly due to the viscous effects. Hence the wake increases the transport of mean momentum toward the wall. Those observations are consistent with the findings of [3, 18] . It is interesting that the streamwise pressure gradient at t ¼ 0:65 T changes sign close to the wall. This is the signature of the developing instability due to the wake passing, which creates zones of positive and negative pressure gradients even before the vortices fully roll up. At the location of the figure, the vortices are still too weak to be seen in Fig. 4 , but a detailed study of the 
Mean Flow Properties
The time-averaged mean flow properties are shown in Figs. 7(a)-7(e) for APG flows with and without wakes. In the unperturbed case a large unsteady separation bubble due to the adverse pressure gradient starts about x=h 0 ¼ 213 and reattaches at x=h 0 ¼ 721. It can be seen in Fig. 7 that the unperturbed case results in a much longer region of separated flow than in cases with inflow wakes. The effect of inflow perturbations can be seen on both ends of the bubble. Not only the reattachment point moves upstream, owing to transition to turbulence and hence increased wall normal mixing, but also the separation point moves downstream. This is due to a mean flow deformation by the wake transport of mean momentum towards the near-wall region. Figure  7 (a) shows a comparison of the time-averaged shape factors H which increase rapidly at separation for the case without wakes. In the perturbed case the wakes distort the boundary-layer development, resulting in a significant decrease in H. The streamwise variation of the maximum turbulent intensity, T x ð Þ ¼ max y ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi Fig. 7(c) . For the perturbed flow, the growth of the disturbances in the initial part of the separated region is slow, whereas they grow much faster in the downstream part of the separated region. This sudden growth of the streamwise fluctuations triggers a slowdown of bubble growth due to turbulent energy diffusion (see also Fig. 9 (e)) and is responsible for the increase in C f (Fig. 7(d) ). The timeaveraged skin friction coefficient distribution gives a quantitative measure of the bubble length, which has decreased significantly in the forced cases. Figure 7 (e) shows the wall static pressure coefficient C p calculated based on a reference pressure and velocity at the free-stream of the outflow plane. The upstream C p and C f distributions are nearly identical for all cases, showing the dominant effect of the pressure gradient until instantaneous reverse flow occurs at the wall. Pressure increases steadily and reaches a constant level, which is then followed by a sharp recovery further downstream. The pressure plateau, identified as the dead-air region or the laminar part, indicates that the pressure in the initial part of the separated region is relatively constant. Results point out that a larger laminar separation region, as suggested by the plateau present in the C p distribution, exists in the absence of any forcing and at very low forcing frequencies. In the perturbed cases with higher frequencies, however, the pressure plateau is still present, but significant only in a very small portion of the plate. Figure 8 shows the normalized mean velocity profiles at different streamwise locations around the separation region. The timeaveraged separation region is also indicated in the same plot with thick solid lines. The squares shown, indicate the inflection points in the velocity profile. The profiles have an inflection point imposed by the APG, which is the precursor of the boundary layer separation. Flow fluctuations originate on the line of inflection points in the velocity profile. The line of inflection points is significant for the development of transition and reattachment. The location of maximum streamwise intensity at different streamwise locations is also shown in the same plot. It is seen that the maximum intensity matches approximately with the line of the inflection points up to the maximum height of the separation region. This can be explained by the fact that the large shear near the point of inflection enhances the energy transfer from the mean flow to the fluctuations. The shear-layer spreading in the reattachment region and the development of high velocity gradients near the wall in the turbulent region are clear. The separated region, shown by thick solid lines in the figures, becomes quite thin and short in the perturbed cases. The more significant difference is in the wall-normal extension of the separation bubble. For all cases, the maximum displacement of the bubble is located around the pressure recovery point (see Fig. 7(e) ). Moreover, the boundary layer transition takes place upstream of the maximum displacement, as shown by the occurrence of a local peak in the turbulence intensity plot (Fig. 7(c) ). The time-averaged streamwise momentum budget is illustrated in Figs. 9(a) and 9(d) at a streamwise location of x=h 0 ¼ 295 for two cases W 0 and W 2, respectively. In the unforced case, x=h 0 ¼ 295 is a streamwise position where the flow has separated, but transition to turbulence is not complete. In the forced case the flow has hardly separated at this position. Figure 9 (a) depicts that inside the separated region all terms in the streamwise momentum equation are important. The Reynolds stress term starts to develop in the separated shear layer due to the inviscid instability, which is also depicted in Fig. 7(c) . At this position both the convective term and the Reynolds stress term dominate the streamwise momentum equation. At this position, x=h 0 ¼ 295, the streamwise Reynolds stress budget shown in Fig. 9(b) indicates that the budget values are negligible with respect to ones further in the turbulent region (Fig. 9(c) ). However, it can be observed that the production is amplified in the region of the high shear and that it is primarily balanced with convection and turbulent transport. In between this location and the position where the bubble reaches its maximum height (x=h 0 % 650, see Fig. 7(c) ) a considerable increase in the budget terms is observed. The production term is really dominating the flow at this point. Some of this excess is transported toward the wall and the outer flow by turbulent transport, while another part is transferred by pressure transport to the other Reynolds stress terms. Turbulent diffusion is however the most important negative term. At this position the Reynolds stress budget for the unforced flow has a typical shear layer appearance.
These observations for the unperturbed case W 0 can be extended also for the perturbed case (W 2). For case W 2 the streamwise location x=h 0 ¼ 295 is slightly downstream of the separation point. The streamwise momentum balance shown in Fig. 9(d) for this location illustrates that all the terms except the Reynolds stress term are important. At this location the shear layer is slightly shifted away from the wall. This separated shear layer introduces a small increase in the Reynolds stress term. The viscous term is significant in the near-wall region and balances the pressure term, whereas the convective term dominates the outer layer. The Reynolds stress budget shown in Fig. 9(e) illustrates qualitatively similar profiles as for case W 0 (Fig. 9(b) ). This can easily be understood considering that in both cases the flow is separated and still has not reached transition at this location. However, significant difference is observed at x=h 0 ¼ 650 (Fig. 9(f) ). At this position the forced flow has already attached and developed in the turbulent region. The production has two peaks, one in the near-wall region and the other in the outer layer, which is the trace of the production that is generated in the shear layer that exists between the reverse flow and the free stream. Although not shown, it is important to note here that this outer peak decays as the flow moves further in the domain. The produced energy is transported towards to the wall by turbulent transport.
Wake Profile Effect
The original flat plate experiment [8] has a favorable pressure gradient (FPG) region before the APG part. We are matching the inflow conditions correctly at the start of the APG region for the unperturbed case, but when we introduce the wake effect at the inflow, we are not including the wake acceleration due to the FPG or the so called stretching effect of the leading edge of the blade. In order to investigate the effect of the shape of incoming wakes, we have performed several experiments by modifying the wake profile, which is changed by varying its maximum velocity defect U wd and its symmetry, represented by the skewness parameter
, where x wc is the wake center. The parameters of the new experiments along with the base case (W 4) for these experiments are given in Table  2 . All cases started from a restart file from case W 4 and run for 10 wake-passing periods, and statistical results are obtained for another 10 wake-passing periods. In the first two experiments, R 1 and R 2, the symmetry of the wake is conserved (r ¼ 0) but the mean wake deficit is varied, whereas in the last three experiments, R 3, R 4, and R 5, the symmetry is distorted while keeping the velocity defect constant. Based on the sign of the skewness parameter, the wake width is modified either in the front (r > 0) or in the tail (r < 0). The Strouhal number St hb of these experiments is 0.0265. Similar to the St number studies presented in the previous section, the Reynolds number based on the momentum thickness at separation Re hs is about 168 and the nondimensional pressure gradient K s is in the range suggested by [14] . The space-time development of the separated region along with the streamwise velocity at the inflow (dashed lines) are illustrated in Fig. 10(a) for cases R 1 À R 5. Wake profiles for each case can be identified easily from this figure. In case R 1 the wake has a strong maximum velocity defect but has a narrow width. On the contrary the wake in case R 2 has a small defect but wide width. The last three cases (R 3 À R 5) have the same velocity defect but modified symmetry. Figure 10(a) shows that separated region exist in all cases but its size varies in time and space based on the wake profile. The significant effect of the wake profile is observed for the first two cases. The strong wake in case R 1 effectively shortens the separated region, whereas the weaker one in case R 2 does not modify it significantly except in the reattachment region. It is interesting that in all cases the shear layer instability is triggered. Similar to the St number studies, three roll-up vortices are generated in the separated region, and they convect downstream with half the local free-stream velocity. The traces of these vortices can be identified from Fig. 10(b) in which the development of the streamwise velocity at the first wall point is demonstrated at a streamwise location x=h 0 ¼ 426 inside the time-averaged separated region.
The separation and reattachment locations for the timeaveraged mean flow are shown in Fig. 10(c) for all cases along with base case W 4 and the unperturbed case W 0. The length of the separated region (see also Table 2 ) is reduced significantly for the strong wake deficit case R 1 in which the transition and hence the reattachment point moved upstream. On the other hand, it increased substantially for case R 2. In spite of the high local APG calculated in case R 2 (see Table 2 ), the mean momentum towards the near-wall region is not strong enough to move the separation point downstream or to move the transition earlier.
Hence, the length of the separated region increased significantly. It is interesting that the length of the separated region, along with the separation and reattachment locations are comparable with the one calculated for case W 2 (see Table 1 and Fig. 2(a) ) where the St number in that case is almost three times lower than the one considered in this experiment. The asymmetry of the wake does not have any dramatic effect on the size of the separated region (compared to the one for case W 4). However, a couple of interesting points are raised. As the wake tail gets stronger (case R 3), the local APG increases and hence this moves the separation point downstream. As a result, the length of the separated region shortens. At this point, it is important to note that the reattachment point is not affected dramatically with the change of the wake tail. On the contrary, it changes significantly as the wake front becomes steeper (case R 5). It is noted that the wake front does not have a significant role determining the separation location, whereas it becomes important in triggering the turbulence; hence controlling the reattachment location.
Regeneration of the Separated Region
It is important to predict the size of the separated region for various forcing frequencies. If the passing frequency is low, such as in case W 1, the separation has more time to re-establish itself.
Therefore, there will be a larger separated region between the inflow perturbation that will result in a larger profile loss. One way to predict the size of the separated region is to perform experiments for a wide range of frequencies. Even though this is feasible with real experiments, it is computationally expensive.
In order to find a cheaper way to predict the size of the separated region we performed one regeneration experiment. This numerical experiment is initiated with a restart file from a simulation with incoming wakes (W 5), and evolved further in time without imposing the wakes. In the absence of the wakes, the flow returns to the unperturbed condition as the simulation progresses. The idea is that by measuring the time that the unperturbed separated bubble needs to completely regenerate itself, it is possible to predict the influence of lower forcing frequencies, which would be expensive to simulate numerically.
The regeneration of the separation bubble is portrayed in Fig.  11(a) as the space-time development of the spanwise-averaged streamwise velocity U(x, t), just above the wall. The time required for the separation bubble to regenerate itself is around 5000h 0 =U ref , where the length of the bubble at this time is 537h 0 , which is comparable with the length of the time-averaged bubble for the unperturbed case W 0, L b ¼ 508h 0 . The discrepancy comes from the fact that the latter is averaged both in time and in span, whereas the first one is obtained at one time instant and averaged only in the span.
This regeneration experiment is used to approximate the size of the separated region of the forced cases. The estimated bubble sizes are formed by averaging in time as well as in the spanwise direction. The time-averaging u x; T ð Þ¼T
À1
Ð t0þT t0 U x; t ð Þdt is performed over the spanwise-averaged data, U(x, t) of the regeneration experiment, depicted in Fig. 11(a) , and starts at time t 0 when the last wake is located approximately above the reattachment point of the time-averaged bubble for case W 5. The trace of the last wake and the initial time t 0 for the time averaging are also shown in Fig. 11(a) . The development of the separated region of the time-averaged velocity u x; T ð Þis presented in Fig. 11(b) . The traces of the three vortices triggered in the separated region due to the last wake can be clearly seen for TU ref =h 0 < 565 as three disconnected separated regions in the time-averaged data. As the time integration range increases, the first part of the separated region forms. Note that its size stays small in the first part of the regeneration, whereas it increases significantly afterward. The second bubble that appears later can be related to the large negative peak in C f which indicates the big recirculation region when the bubble transitions and reattaches. 
Linear Stability Analysis
Assuming a parallel base flow, the response of the boundary layer to small-amplitude perturbations, given in the form of v ¼v y ð Þe
Þ , where a is the real wave number and x ¼ x r þ ix i is the complex frequency of the traveling wave, can be predicted by solving the Orr-Sommerfeld equation. The disturbances are damped for x i < 0, and amplified for x i > 0. The parallel base flow approximation implies that the stability at a particular location is determined by local conditions. Therefore, disturbances with wavelengths much longer than the characteristic length scale of the problem (e.g., the bubble length) should be discarded.
Using velocity profiles extracted from time-averaged DNS data of the unperturbed case W 0, and perturbed cases W 2, and W 4 a linear stability analysis is performed at each streamwise location to determine the amplification rate of locally unstable disturbances. The stability diagram of the unperturbed case, illustrated in Fig. 12(a) shows the range of amplified waves as a function of streamwise location x À x S ð Þ=L b0 , where x S is the separation point for the unperturbed case. There are no unstable modes in the first part of the boundary layer, but they are there as soon as the profiles have inflection points. The maximum growth rate of the unstable modes increases linearly with x in the first part of the separated region, and has a maximum downstream of the location of maximum reverse flow, and decreases further downstream. In the framework of the spatial instability theory [19] , the total amplification of a disturbance over a distance x-x 0 can be expressed as
, where c g ¼ @w r =@a. The streamwise variation of the natural logarithm of A=A 0 is plotted in Fig. 12(b) for the nondimensional wavelengths k=L b within the range of 0.10 and 0.27. Those wavelengths are strongly amplified in the region of the separated shear layer. The maximum amplification is obtained at k=L b ¼ 0.1754, 0.1484, and 0.1411 for cases W 0, W 2, and W 4, respectively, and the amplification curve at these maximums are illustrated Fig. 12(c) . The longer wavelengths are left out off the discussion since they are on the order of the bubble size; hence they would not satisfy the parallel base flow approximation. Figure 13 (a) shows the range of unstable wavelengths that are most amplified for all cases. It is observed from Fig. 13 (b) that these wavelengths are in the range of wavelengths of the three vortices obtained from our DNSes. This further supports our observation that the vortices generated in the separated shear layer are due to the triggering of the inviscid instability.
The mode with highest amplification is portrayed in Fig. 14 for profiles located in the first part of the separated region. The height of the rolling structures increases with x, which agrees well with the observations from our DNS. The perturbations peak at the inflection point of the profiles. The rolling structures are centered around the inflection point and they are distorted close to the wall. Their predicted convection velocity is approximately half the free-stream velocity, which is also in reasonable agreement with our observations, the rollers propagate with half of the local freestream velocity.
Conclusions
We analyze the response of the separated boundary layer to the passing wakes in terms of two parameters, frequency and shape. The frequency of the forcing strongly affects the time dependent location of the separation and reattachment, but, no significant variations are observed for the mean boundary layer properties, unless the separation bubble is allowed to fully reform. The details of the wake shape and velocity deficit characteristics do not change the flow development significantly. For all forcing frequencies and wake shapes studied here there are always three roll-up vortices generated in the unsteady shear layer. They travel downstream with a convective velocity of approximately half the free-stream velocity. The phase-averaged characteristics of the flow reveals that those vortices are generated in the separated shear layer due to triggering of an inviscid Kelvin-Helmholtz instability. Their appearance is associated with the perturbations generated in the attached boundary layer as a result of the wake passing. Those perturbations stay weak in the attached region, but trigger the formation of the rolls in the separated shear layer, independently of the frequency or shape of the forcing. The separation moves downstream by the effect of momentum carried by the wakes, while the reattachment moves upstream by the entrainment of those structures. It is noted that the separation among the rollup vortices does not depend on the passing frequency of the wakes. A comparison of stability calculations and DNS results suggest that the wavelength of the most amplified disturbances in the separated shear layer and their propagation speed can be adequately estimated by linear stability theory.
A single recovery experiment is performed to predict the size of the separated region of the forced cases. After switching off the wake forcing and progressing further in time, the separated region regenerates itself to the unforced situation. The temporal development of the separated region is used to estimate the bubble lengths associated with the different wake passing frequencies, which agree well with those calculated from the DNSes. Both the regeneration experiment and the DNSes based on different forcing frequencies suggest that the wake-passing period has to be at most of the order of the bubble regeneration time to effectively reduce the size of the separated region.
An obvious future extension would be to extend the regeneration analysis to different pressure distributions, but it is probably preferable to check first whether the same regeneration experiment can be used to predict other properties of the separated region, such as Re hs and K s . This will be the next step in our program. In the meantime, the statistics from the present work will be gathered and made publicly available, particularly the Reynolds stress and energy budgets. This might assist in the formulation of better turbulence models, which are the essential parts of practical codes for the aeronautical and turbomachinery industries. 
